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Data Rectification by uni®ariate filtering is popular for processes lacking an accurate
model. Linear filters are most popular for online filtering; howe®er, they are single-scale
best suited for rectifying data containing features and noise that are at the same resolu-
tion in time and frequency. Consequently, for multiscale data, linear filters are forced to
trade off the extent of noise remo®al with the accuracy of the features retained. In
contrast, nonlinear filtering methods, such as FMH and wa®elet thresholding, are multi-
scale, but they cannot be used for online rectification. A technique is presented for
online nonlinear filtering based on wa®elet thresholding. OLMS rectification applies
wa®elet thresholding to data in a mo®ing window of dyadic length to remo®e random
errors. Gross errors are remo®ed by combining wa®elet thresholding with multiscale
median filtering. Theoretical analysis shows that OLMS rectification using Haar wa®elets
subsumes mean filters of dyadic length, while rectification with smoother boundary cor-
rected wa®elets is analogous to adapti®e exponential smoothing. If the rectified mea-
surements are not needed online, the quality of rectification can be further impro®ed by
a®eraging the rectified signals in each window, o®ercoming the boundary effects encoun-
tered in TI rectification. Synthetic and industrial data show the benefits of the online
multiscale and boundary corrected translation in®ariant rectification methods.

Introduction

Measured process data are usually contaminated by ran-
dom and gross errors due to sensor noise, disturbances, in-
strument degradation, and human errors. Since the perform-
ance of process operation tasks depends on the quality of
information extracted from the measured data, the collected
data need to be cleaned or ‘‘rectified’’ for efficient process
operation. Data rectification is an ill-posed problem since
given just the measured data, they cannot be rectified with-
out additional information. Depending on the type of addi-
tional information used, techniques for data rectification may
be categorized as: rectification with fundamental process mod-
els, rectification with empirical process models, and rectification
without process models.

Rectification with fundamental process models minimizes
the error between the measured and the rectified signals while
requiring the rectified variables to satisfy a linear or nonlin-
ear, steady-state or dynamic model. Methods in this category
have received significant attention in academic research and

Correspondence concerning this article should be addressed to B. R. Bakshi.

often consist of the separate tasks of gross error detection
and data reconciliation. Data reconciliation refers to the
model-based removal of random errors, whereas data rectifi-
cation is a more general term which includes the reduction of
random as well as gross errors with or without process mod-

Ž .els Kramer and Mah, 1994 . For data from steady-state
processes, data reconciliation may be performed as a weighted
least-squares estimation where the sum of square errors nor-

Žmalized by the error covariance is minimized Tamhane and
. Ž .Mah, 1985; Mah 1990 . Crowe 1989 used a transformation

called matrix projection in multivariate rectification problems
with linear constraints, which exploits the redundancy among
dependent process variables to eliminate Gaussian errors

Ž .from data under steady-state conditions. Veverka 1992 ex-
tended the same approach to problems with nonlinear con-
straints. For dynamic process data, a wide range of ap-
proaches has been employed for data reconciliation. Kalman
Filters are popular for the reconciliation of linear dynamic

Ž .processes Gelb, 1974; Sorenson, 1985 . When a nonlinear
process model is available, data may be rectified by an ex-
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tended Kalman filter or constrained nonlinear programming
ŽIslam et al., 1994; Liebman and Edgar 1992; Tjao and Biegler

.1991; Kim et al., 1990 or a sequential modular approach
Ž .Chiari et al., 1997 . When fundamental process models are
used for data rectification, the quality of the rectified data
depends on the accuracy of the process models. Rectification
with empirical process models overcomes the need for accu-
rate fundamental process models by extracting the relation-
ship between the variables by an empirical modeling method

Ž . Žsuch as principal component analysis PCA Kramer and
. ŽMah, 1994 or recurrent neural networks Karjala and Him-

.melblau, 1994 .
Data containing non-Gaussian or gross errors may be recti-

fied by applying various statistical outlier detection tech-
niques such as hypothesis testing and a generalized likeli-

Ž .hood ratio approach Mah, 1990 . These tests may be applied
to autocorrelated measurements by prewhitening the mea-

Ž .surements using time-series modeling Kao et al., 1990, 1992 .
Gross errors in multivariate data may also be detected by

Ž .PCA Tong and Crowe, 1995 . For data from dynamic
processes, robust reconciliation methods have been devel-

Ž .oped by Albuquerque and Biegler 1995 and Kim et al.
Ž .1997 . A maximum likelihood approach has also been devel-

Ž .oped by Johnston and Kramer 1995 and Tjao and Biegler
Ž .1991 that removes random and gross errors simultaneously
based on their probability distribution.

Since accurate process models relating the hundreds of
measured variables are not easily obtained, the simplest and
most widely used rectification methods do not rely on a fun-
damental or empirical process model. These methods rely on
information about the nature of the errors or smoothness of
the underlying signal and include various univariate filtering
methods. Linear, univariate low pass filtering techniques such
as mean filtering and exponential smoothing are the most

Žcommonly used methods in the chemical industry Tham and
.Parr, 1994 as they are simple and can be easily used online.

Another popular class of discrete linear filters can be de-
signed using bilinear transformation of analog linear filters
that have the desired frequency characteristics, and includes

Ž .Butterworth and Chebyshev filters Bose, 1985 . Unfortu-
nately, these linear filtering methods represent the data at a
single scale or resolution in time and frequency which forces
them to trade-off the extent of rectification with the quality
of the rectified local features. Consequently, linear filters are
not very effective in filtering signals containing features with
different localizations in both time and frequency. The poor
representation of the underlying localized features by linear
filtering may be overcome by nonlinear filtering methods, such

Ž . Ž .as finite impulse response FIR median hybrid filters FMH
Ž .Heinonen and Neuvo, 1987 , and multiscale wavelet-based

Ž .rectification Donoho et al., 1995 . FMH filters are most ef-
fective when applied to piecewise constant signals contami-
nated with white noise, require careful selection of the filter
length, and are limited to off-line use. Multiscale filtering
methods based on wavelet analysis represent the data as a
weighted sum of orthonormal wavelets. The multiscale repre-
sentation captures deterministic features in a few relatively
large coefficients, while stationary autocorrelated errors are
approximately decorrelated or whitened. Thus, stochastic sta-
tionary errors may be decreased with minimum distortion of
the underlying deterministic signal by eliminating wavelet co-

efficients smaller than a threshold. The rectified signal is then
recovered by reconstructing the thresholded coefficients to
the time domain. This multiscale rectification technique has

Žsuperior theoretical and practical properties Donoho et al.,
.1995 , but is restricted to off-line application and to data of

dyadic length 2 J. Also, the wavelet representation lacks ro-
bustness to outliers or gross errors and has been extended for
the rectification of data with such errors by multiscale me-

Ž .dian filtering Bruce et al., 1994 .
In this article, the existing multiscale approach for rectifi-

cation of random and gross errors is extended for on-line rec-
tification by processing data in a moving window of dyadic
length. The theoretical properties of the resulting on-line

Ž .multiscale OLMS rectification approach are studied to show
that the OLMS approach subsumes existing methods such as
mean filtering and exponential smoothing. Thus, OLMS rec-
tification can automatically specialize to a linear filter by
adapting the scale of the filter to that of each feature in the
measured signal. Furthermore, if a time delay in the rectifica-
tion is acceptable, then the quality of the rectified signal can
be improved by averaging the rectified signals obtained in
each moving window, resulting in an approach similar to the

Ž .translation invariant TI rectification of Coifman and
Ž .Donoho 1995 , but without the boundary effects that occur

in TI rectification. The OLMS and boundary corrected TI
Ž .BCTI rectification are extended to removing non-Gaussian
errors by combining them with multiscale median filtering
Ž .Bruce et al., 1994 . The theoretical properties and applica-
tion of the resulting method are also discussed and compared
with FMH filtering. The performance of the multiscale filter-
ing methods is compared with that of existing methods by
Monte-Carlo simulation and application to industrial data.
The terms rectification, filtering, and denoising are consid-
ered to be equivalent and are used interchangeably.

Data Rectification Without Process Models
Linear filtering

Linear filtering techniques rectify the signal by taking a
weighted sum of previous measurements in a window of fi-
nite or infinite length. These techniques include finite im-

Ž . Ž .pulse response FIR and infinite impulse response IIR fil-
tering and are very popular in the chemical industry, because
they are computationally efficient, easy to implement, and can

Žbe readily used for on-line rectification Tham and Parr,
.1994 .

Linear filters are low pass filters which can be represented
as

I y1

x s b x 1Ž .ˆ Ýt i ty i
is 0

� 4where I is the filter length and b is a sequence of weightingi
coefficients, which define the characteristics of the filter and
satisfy the following condition

b s1. 2Ž .Ý i
i

� 4The weighting sequence b is the impulse response of thei
linear filter. Linear filters with finite window size are called
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� 4FIR filters. When all weighting coefficients b are equal, thei
FIR filter reduces to a mean filter. Thus, for a filter of length
I, any mean filtered data point can be represented mathe-
matically in terms of the average of the last I measured data
points as

1
x s x q x q . . . q x . 3Ž . Ž .t̂ t ty1 tyIq1I

The mean filter can also be thought of as a convolution of
the measured signal with a vector of I constant coefficients,

� 4each equals 1rI . The weights used by a mean filter of length
Is5 are shown in Figure 1a.

Linear filters with an infinite filter length are called IIR
filters. Any rectified data point using an IIR filter is repre-
sented as a weighted sum of all previous measurements. Ex-

Ž .ponentially weighted moving average EWMA is a popular
IIR filter which smoothes a measured data point by exponen-
tially averaging it with all the previous measurements. The
EWMA filter is a recursive low pass filter that eliminates high
frequency components from the measured signal. Computa-
tionally, it is implemented as

x s a x q 1y a x 4Ž . Ž .ˆ ˆt t ty1

The parameter a is an adjustable smoothing parameter lying
between 0 and 1, where a value of 1 corresponds to no
smoothing and a value of zero corresponds to keeping only
the first measured point. Expanding Eq. 4, x can be ex-t̂
pressed as

2x s a x q a 1y a x q a 1y a xŽ . Ž .t̂ t ty1 ty2

ny1q . . . q a 1y a xŽ . 1

or

`
ix s a 1y a x . 5Ž . Ž .ˆ Ýt ty i

is 0

The weighting of the EWMA filter shows that the filter coef-
ficients drop exponentially depending on the smoothing
parameter a giving more importance to the more recent
measurements, as shown in Figure 1b. IIR filters also include
Butterworth filters which can be used to remove white, as
well as correlated noise, from stationary stochastic signals. A
more detailed discussion of different types of filters is pre-

Ž .sented by Strum and Kirk 1989 .
Drawbacks of Linear Filtering Techniques. The basis func-

tions representing raw measured data have a temporal local-
ization equal to the sampling interval. Linear filters represent
the measurements on basis functions with a broader tempo-
ral localization and narrower frequency localization, as shown
in Figure 2a. These filters are single-scale in nature since all
the basis functions have the same fixed time-frequency local-
ization. Consequently, these methods face a tradeoff between
the accurate representation of temporally localized changes
and efficient removal of temporally global noise. Therefore,
simultaneous noise removal and accurate feature representa-
tion of nonstationary measured signals cannot be effectively
achieved by single-scale filtering methods.

Nonlinear filtering
Nonlinear filtering techniques are multiscale in nature and

have been developed to overcome the inability of linear fil-
ters to capture features at different scales.

Ž .FMH Filtering. A FIR-Median Hybrid Filter FMH is a
median filter which has a preprocessed input from M linear

Ž .FIR filters Heinonen and Neuvo, 1987, 1988 . Thus, the

( ) ( )Figure 1. Filter used in a mean filtering and b exponential smoothing.
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( )Figure 2. Time-frequency space decomposition by: a
( )linear filtering techniques; b multiscale

techniques.

FMH filter output is the median of only M values, which are
the outputs of M FIR filters. An FMH filter of length 2 Iq1
with 3 FIR substructures is shown in Figure 3. The three FIR
filters used in Figure 3 are

x q x q . . . q xty1 ty2 tyI
y s1 ½ 5I
y s x2 t

x q x q . . . q xtq1 tq2 tqI
y s 6Ž .3 ½ 5I

� 4where x , x , . . . , x , x , x , x , . . . , x aretyI tyIq1 ty1 t tq1 tq2 tqI
the 2 Iq1 data points filtered by the FMH filter, and y , y ,1 3
and y are called the backward predictor, forward predictor,2
and the center value, respectively. FMH filtering is a batch
filtering technique, which is most effective in capturing sharp
changes in piece-wise constant signals. The lengths of the FIR
filters are chosen to preserve the signal’s features while elimi-
nating the high frequency noise. Long FIR filters can over-
smooth sharp edges, while short FIR filters may not elimi-
nate enough noise. Since the central point in the FMH filter
is the original noisy data, FMH filters tend to retain some
noise. Better noise removal is possible by applying the FMH
filter several times, which will result in a root signal that does
not change with further filtering. Further extensions of FMH

Figure 3. FIR median hybrid filter with three FIR
substructures.

filters to using IIR and predictive FIR filters have also been
Ž .developed Heinonen and Neuvo, 1988 .

FMH filters are also used to eliminate non-Gaussian er-
Ž .rors from measured data Heinonen, 1987, 1988 . They are

superior to the standard median filters due to their improved
ability to preserve temporally localized features, while elimi-
nating errors. However, proper selection of the FIR filters
requires knowledge about the maximum duration of the gross
errors. When such knowledge is available, the length of the
FIR filters used can be determined so that a complete elimi-
nation of gross errors is achieved.

Multiscale Rectification. Signals with multiscale features
can be analyzed by expressing the signal as a weighted sum of
wavelet basis functions. Wavelets are a popular and computa-
tionally efficient family of multiscale basis functions. Any
square-integrable signal may be represented at multiple scales
by decomposition on a family of wavelets and scaling func-
tions, as shown in Figure 4. The signals in Figures 4b, 4d, and
4f are at increasingly coarser scales as compared to the origi-
nal signal shown in Figure 4a. These scaled signals are deter-
mined by filtering the data using a low pass filter H, which is
equivalent to projecting the original signal on a set of or-
thonormal scaling functions of the form

ym ym'f t s 2 f 2 ty k . 7Ž . Ž . Ž .mk

Each of the signals in Figures 4c, 4e, and 4g capture the de-
tails between the scaled signal at its scale and the scaled sig-
nal at the finer scale. These detail signals are computed by
filtering the previous scaled signals using a high pass filter G,
which is equivalent to projecting the original signal on a set
of orthonormal basis functions called wavelets of the form

ym ym'c t s 2 c 2 ty k 8Ž . Ž . Ž .mk

where m, k, L, and n are the dilation parameter, translation
parameter, maximum number of scales or decomposition
depth, and the length of the original signal, respectively. The
original signal can be represented as a sum of all the detail
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Figure 4. Multiscale decomposition of a stair-step
signal using Haar.

signals and the last scaled signal as

n2yL L n2ym

x t s a f t q d c t 9Ž . Ž . Ž . Ž .Ý Ý ÝLk Lk mk mk
k s1 ms1 k s1

where a is the k th scaling function coefficient at the coars-Lk
est scale L, and d is the k th wavelet coefficient at scalemk
m. Fast wavelet decomposition and reconstruction algorithms

Ž .of complexity O n have been developed for a discrete signal
Ž .of dyadic length Mallat, 1989 .

Multiscale rectification using wavelets is based on the ob-
servation that random errors in a signal are present over all
the coefficients, while deterministic changes get captured in a
small number of relatively large coefficients. Thus, stationary
Gaussian noise may be removed by a three-step method
Ž .Donoho et al., 1995 :
Ž .1 Transform the noisy signal into the time-frequency do-

main by decomposing the signal on a selected set of or-
thonormal wavelet basis functions.
Ž .2 Threshold the wavelet coefficients by suppressing coef-

ficients smaller than a selected value.
Ž .3 Transform the thresholded coefficients back into the

original domain.
Donoho and coworkers have studied the statistical proper-

ties of wavelet thresholding and have shown that for a noisy
signal of length n, the rectified signal will have an error within
Ž .O log n of the error between the error-free signal and the

signal rectified with a-priori knowledge about the smoothness
Ž .of the underlying signal Donoho and Johnstone, 1994 .

Selecting the proper value of the threshold is a critical step
in the rectification process, and several methods have been
devised. For good visual quality of the rectified signal, the
Visushrink method determines the threshold as

't ss 2 log n 10Ž .m m

where n is the signal length and s is the standard deviationm
of the errors at scale m, which can be estimated from the
wavelet coefficients at that scale by

1
< <s s median d . 11� 4 Ž .m mk0.6745

Other methods for determining the threshold are described
Ž .by Nason 1996 .

The wavelet coefficients may be thresholded by hard or
soft thresholding. Hard thresholding eliminates coefficients
smaller than a threshold, whereas soft thresholding also
shrinks the larger coefficients towards zero by the value of
the threshold. Hard thresholding can lead to better repro-
duction of peak heights and discontinuities, but at the price
of occasional artifacts that can roughen the appearance of
the rectified signal, while soft thresholding usually gives bet-

Žter visual quality of rectification and less artifacts Coifman
.and Donoho, 1995 . An artifact, which is not present in the

original signal, is created in the reconstructed signal when
the wavelet function used to represent a feature in the signal
and the feature itself do not align. Such artifacts are due to a
localized Gibbs phenomenon which is caused by the lack of
translational invariance in orthonormal wavelet decomposi-

Ž .tion. One approach proposed by Coifman and Donoho 1995
for suppressing artifacts is by shifting the signal several times,
rectifying it, and then averaging out all translations to weaken
the pseudo-Gibbs phenomena, as shown in Figure 5a. Hard
thresholding and translation invariance combined give good
visual and quantitative characteristics. This approach, called

( ) ( )Figure 5. Translation mechanisms used in: a TI; b
BCTI rectification.
Thick lines indicate augmentation of the signal ends.

May 1999 Vol. 45, No. 5AIChE Journal 1045



Ž .translation invariant TI rectification, does improve the qual-
ity and smoothness of the rectified signal, but it suffers from
the creation of end effects even when boundary corrected
wavelets are used. These end effects are created because TI
rectification considers the signal to be a cyclic list resulting in
artificial discontinuities if the values of the signal end points
do not match as indicated in Figure 5a. This disadvantage

Ž .will be overcome by the boundary corrected TI BCTI recti-
fication method developed in this article.

Wavelet-based multiscale rectification is a very effective
approach for denoising signals contaminated by white, as well
as correlated stationary Gaussian noise. If the traditional
wavelet decomposition algorithm is applied to a signal with
non-Gaussian errors, outliers will be present at multiple scales
in both the scaled and detailed signals, and large coefficients
corresponding to outliers get confused with those corre-
sponding to important features. Thus, wavelet thresholding is
not effective in eliminating non-Gaussian errors. This limita-
tion may be overcome by combining wavelet thresholding with
multiscale median filtering as in the robust multiscale rectifi-

Ž .cation technique Bruce et al., 1994 . In this robust tech-
nique, outliers are eliminated at each scale using median
filters as shown in Figure 6. A standard median filter or a
FMH filter can be used in this approach, as they are both
capable of eliminating gross errors. However, FMH filters
usually result in better representation of the signal features.
A more detailed discussion on the advantages and limitations
of the standard median filter and the FMH filter in the ro-

Ž .bust multiscale technique is reported by Nounou 1997 . The
Ž .original signal, S 0 passes through a median filter at the finest

Ž .scale, which results in the signal U 0 . Then, the low and high
Ž .pass wavelet filters H and G are applied on U 0 resulting in

Ž .the scaled and detail signals at the finest resolution S 1 and
Ž .D 1 , respectively. The same process is repeated on the signal
Ž . Ž .S 1 , which passes through the median filter to get U 1 on

which the low and high pass wavelet filters are applied to get
Ž . Ž .S 2 and D 2 . The process is then repeated to get scaled and

detail signals at coarser scales. Due to the dyadic down-sam-
pling used in wavelet transform, the effective median filter
length increases at coarser scales. Therefore, outliers in short
patches can be eliminated at finer scales while longer patches
of outliers can be eliminated at coarser scales. When the ef-
fective median filter length at finer scales is shorter than the
duration of scaling function coefficients corresponding to a
particular outlier patch, outliers will leak into coarser scales.
Such leakage may be eliminated by repeated robust multi-

scale filtering and by selecting a long enough median filter
Ž .Bruce et al., 1994 . In theory, for a low pass wavelet filter of
length M, leakage is prevented by using median filters of

Ž .length 2Mq1 Bruce and Gao, 1996 . However, when long
patches of outliers are present, a complete elimination of
outliers can be accomplished by selecting the median filter
long enough so that the effective median filter at the coarsest
scale is longer than the longest patch of outliers, and by re-
peating multiscale median filtering. This robust multiscale
technique is used in this article.

On-Line Multiscale Rectification
The existing nonlinear rectification techniques described in

the previous section do perform better than linear filters for
a broad variety of signals. However, a significant disadvan-
tage of these nonlinear or multiscale methods is that they
cannot be implemented online. In general, wavelet filters are
noncausal in nature and require future measured data for
calculating the current wavelet coefficient. This introduces a
time delay in the computation that increases at coarser scales
and smoother filters. This time delay may be overcome in a
rigorous manner by using special wavelets at the edges that
eliminate boundary errors while being orthonormal to the

Ž .other wavelets Cohen et al., 1993 . These boundary cor-
rected filters are causal and require no information about the
future to compute wavelet coefficients at the signal end
points. Another reason for restricting the wavelet-based
methods to off-line use is the dyadic discretization of the
wavelet parameters, which requires a signal of dyadic length
for the wavelet decomposition. A signal containing a dyadic
number of measurements can be decomposed as shown in
Figure 7a. In contrast, if the number of measurements is odd,
the last point cannot be decomposed without a time delay.
For example, when three points are available, as shown in
Figure 7b, only the first two data points can be decomposed,
introducing a time delay of one data point. However, when
seven data points are available, as shown in Figure 7c, only
the first four data points can be decomposed to two scales
and the next two data points can be decomposed to only one

Ž .scale. Therefore, a time delay of one data point point 7 at
Žthe finest scale and a time delay of three data points points

.5 through 7 at the coarser scale are introduced. In many
applications such a time delay may be unacceptable. Conse-
quently, this section describes an online method for multi-

Ž .scale rectification OLMS , where absolutely no time delay is

( )Figure 6. Robust multiscale wavelet decomposition method Bruce et al., 1994 .
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Figure 7. Time delay introduced due to the dyadic
length requirement in wavelet decomposition.

allowed. When time delay in the rectification is acceptable,
then OLMS rectification reduces to boundary corrected TI
Ž .BCTI rectification. Both of these on-line rectification tech-
niques are also extended to deal with measurements cor-
rupted by non-Gaussian errors using the robust wavelet
transform.

Figure 8. OLMS rectification.

On-line multiscale rectification of data with Gaussian
errors

On-line multiscale rectification is based on multiscale rec-
tification of data in a moving window of dyadic length, as
shown in Figure 8. The OLMS methodology can be summa-
rized as follows:
Ž .1 Decompose the measured data within a window of

dyadic length using a causal boundary corrected wavelet fil-
ter.
Ž .2 Threshold the wavelet coefficients and reconstruct the

rectified signal.
Ž .3 Retain only the last data point of the reconstructed sig-

nal for on-line use.
Ž .4 When new measured data are available, move the win-

dow in time to include the most recent measurement while
maintaining the maximum dyadic window length.

The measurements in each window are rectified by the
Ž .wavelet thresholding approach of Donoho et al. 1995 de-

scribed in the previous section. This simple approach is very
effective compared to the single-scale techniques, as shown
by the theoretical analysis presented next and the illustrative
examples. It retains the benefits of the wavelet decomposi-
tion in each moving window, while allowing each measure-
ment to be rectified on-line.

Deeper insight into the properties and benefits of OLMS
rectification may be obtained by relating it to the existing
single-scale methods of mean filtering and exponential
smoothing. The filters corresponding to the Haar scaling
function at different scales are shown in Figure 9a. The shape
of these filters is identical to that of a mean filter shown in
Figure 1a. Due to its multiscale character, OLMS rectifica-
tion using Haar wavelets is able to automatically select a mean
filter of dyadic length that is best for representing each signal
feature, as stated by the following theorem.

Theorem 1. For each measurement, OLMS Haar rectifi-
cation at L scales can adaptively specialize to a mean filter
of dyadic length ranging from 2 L to 1.

This theorem is proved in the Appendix based on the fact
that a mean filtered signal using a filter of dyadic length 2 m

may be generated by keeping the coefficients for the last
scaled signal and the wavelet coefficients from the coarsest
scale of decomposition L up to scale m. In practice, OLMS
rectification using Haar wavelets subsumes a class larger than
mean filters of dyadic lengths because if the last wavelet co-
efficient at some intermediate scale coarser than scale m is
eliminated, then the effective filter will not be a mean filter
of dyadic length. Instead, its coefficients will have different
magnitudes to give more weighting to the more important
features in the signal. For example, if a signal is rectified by
decomposing it using Haar at two scales and by keeping the
scaled signal at ms2 and the last wavelet coefficient at scale
ms1, but eliminating the last wavelet coefficient at scale m
s2, the effective FIR filter will have the shape shown in
Figure 10, which is not a mean filter. It gives more weighting
to the most recent measurement to capture the important
feature represented by the last retained wavelet coefficient at
scale ms1 and, at the same time, it gives a negative weight-
ing to the previous measurement to account for the elimi-
nated noise component represented by the eliminated wavelet
coefficient at scale ms2. The filter for OLMS rectification
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( ) ( )Figure 9. a Haar filter and b post-conditioned Daubechies D2 boundary corrected filter at multiple scales.

will also be able to adapt its length to best represent the
important features in the measured signal. Thus, a short fil-
ter will be automatically selected for representing a fast
change in the underlying signal, whereas a long filter will be
selected for representing a slow change or constant segment.
The nature of the filter selected for obtaining each rectified
measurement is decided by the coefficients that are retained
after thresholding.

This theoretical analysis shows that OLMS Haar rectifica-
tion should be better than that obtained by a mean filter of
dyadic length. In practice, due to its adaptive nature, OLMS
Haar rectification performs better than mean filtering even
for signals that are best for nondyadic mean filters, as shown
by the illustrative examples. Haar is not the only wavelet fil-
ter that can be used for on-line rectification. It is used in this
theoretical analysis because its simple form is convenient for

( )Figure 10. The effective FIR filter corresponding to OLMS Haar rectification at two scales L=2 by keeping all
coefficients except the last wavelet coefficient at scale m=2.
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comparison with the single-scale method of mean filtering.
OLMS rectification with wavelets other than Haar will re-
quire the use of boundary corrected filters. Figure 9b shows
the filter applied to the right boundary by the boundary-
corrected Daubechies second-order scaling functions at mul-
tiple scales. These filters are similar to that used for expo-
nential smoothing shown in Figure 1b. Consequently, OLMS
rectification using smoother wavelets will approximately sub-
sume exponential smoothing to provide better rectification.
The performance of OLMS rectification is compared with that
of existing methods by illustrative examples in the next sec-
tion.

( )Boundary corrected translation in©ariant BCTI
rectification

If the rectified values are not required immediately, the
quality of the rectified signal can be further improved by tak-
ing the mean of the OLMS rectified signals from different
moving windows. For the rectification depicted in Figure 8,
the BCTI rectified value for the first measurement will be
the mean of three translations, whereas the rectified value
for the fourth measurement will be the mean of five transla-
tions. Due to this averaging, the final rectified signal will have
less spurious features than the result of on-line rectification.

ŽThis approach is similar to the TI rectification Coifman and
.Donoho, 1995 , but since it does not assume the signal to be

a cyclic list, it overcomes the problem of boundary effects
encountered in TI rectification. This advantage is illustrated
in Figure 5, which compares the translation mechanisms for
TI and BCTI rectification. This comparison shows that in the
elimination of errors at the boundaries, BCTI rectification
will take the mean of fewer translations. Consequently, BCTI
will require less computations than TI, but may be less smooth
near the boundaries. The performance of this boundary cor-

Ž .rected TI BCTI rectification technique is also illustrated in
the next section.

Rectification of non-Gaussian errors
The capabilities of the OLMS and BCTI rectification tech-

niques may be extended to simultaneous on-line elimination
of Gaussian and non-Gaussian errors by combining these
methods with multiscale median filtering. Similar to OLMS
rectification, in the robust OLMS technique, data are recti-
fied in a moving window of dyadic length that always includes
the current measurement. The robust OLMS technique uses
the robust wavelet transform algorithm illustrated in Figure
6, instead of the conventional wavelet transform to help sup-
press outliers at each scale. Application of the robust OLMS
rectification to data containing sharp changes tends to smooth
the change since the change is assumed to be an outlier until
it persists beyond the coarsest scale of the median filter.
Consequently, robust multiscale rectification is best suited for
steady-state data as demonstrated by the illustrative exam-
ples.

When time delay is acceptable, improved elimination of
Gaussian and non-Gaussian errors is possible by averaging
the rectified signals from different time shifts. The luxury of
having extra time to make a decision about the nature of a
particular change allows better judgment resulting in a robust
BCTI rectification method. The type of median filter, stan-

dard or FMH filter, used in the robust BCTI technique is not
a major concern, because spikes and edge outliers are greatly
reduced by averaging different translations, which is already
achieved by BCTI. The advantages of combining BCTI and
the robust wavelet transform are illustrated through synthetic
and industrial examples.

Practical issues in OLMS and BCTI rectification
Any filtering method requires typical data or information

about the underlying signal and noise for selecting the filter
parameters. In OLMS rectification, the filter tuning parame-
ters are the value of the threshold and the maximum depth
of the wavelet decomposition. For the robust OLMS rectifi-
cation, the length of the median filter at the finest scale also
needs to be decided. Other practical issues include selecting
a wavelet and the maximum length of the moving window.
These issues are discussed in the rest of this section.

Value of Threshold. The threshold may be estimated by
applying the Visushrink method to the available measure-
ments. For data corrupted by stationary errors, the threshold
value stops changing much after an adequate number of mea-
surements are available. Consequently, for stationary noise,
the threshold may be estimated from the measurements until
the change is below a user-specified value. This approach for
estimating the threshold cannot be performed recursively due
to the median operator used in Eq. 11 and will require stor-
age of a large number of measurements. Modifications for
determining the threshold for time-dependent errors have

Ž .been suggested Neumann and Von Sachs, 1995 .
Depth of Decomposition. Thresholding wavelet coeffi-

cients at very coarse scales may result in the elimination of
important features, whereas thresholding only at very fine
scales may not eliminate enough noise. Therefore, the depth
of wavelet decomposition needs to be selected to optimize
the quality of the rectified signal. Empirical evidence sug-
gests that a good initial guess for the decomposition depth
is about half of the maximum possible depth, that is
�w Ž .x 4log n r2 , where n is the moving window length. How-2
ever, a smaller depth might be more appropriate in OLMS
rectification if a long boundary corrected filter with a large
support is used in the decomposition since the filters at the
two edges might overlap at very coarse scales. In all synthetic
examples used in this work, the decomposition depth is se-
lected to minimize the mean-square error between the un-
derlying and the rectified signals. For signals with non-Gaus-
sian errors, the decomposition depth also needs to be chosen
so that the effective median filter at the coarsest scale is
longer than the longest patch of outliers.

Selected Wa®elet Filter. The type, length, and nature of the
wavelet filter used in OLMS and BCTI affect the quality of
the rectification. Since the OLMS rectification uses only the
last rectified data point from each translated signal, it is cru-
cial that only boundary corrected or causal wavelet filters are
used. If boundary corrected filters are not used, then the last
point is among the least accurate ones due to end effect er-
rors. This is not a major concern in BCTI rectification, be-
cause inaccuracies due to end effects are greatly reduced by
averaging different translations.

In off-line rectification, the similarity between the shape of
the wavelet filter and the shape of the signal enhances the
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quality of the rectified signal. For example, the Haar filter is
a better choice for a stair-step signal than a smoother filter,
such as Daubechies; however, a smooth Daubechies filter is a
better choice than Haar for a smooth signal. Since the recti-
fied signal using BCTI is just the average of different off-line
rectified signals from different windows, the quality of BCTI
rectification is improved when the wavelet filter resembles
the signal’s features. For OLMS rectification, however, this
advantage does not necessarily hold. Just as EWMA often
gives a smaller mean-square error than mean filtering and
preserves sudden changes more accurately, OLMS rectifica-
tion using Daubechies second-order boundary corrected fil-
ter often results in smaller mean-square error than OLMS
rectification using Haar as illustrated in the next section.

Illustrative Examples
In this section, the advantages and limitations of OLMS

and BCTI rectification of Gaussian and non-Gaussian errors
are illustrated through examples based on synthetic and in-
dustrial data. The synthetic signals used in this analysis are
generated as

x s y q e qd 14Ž .t t t t

where x is the noisy signal, y is the noise-free deterministict t
signal, e is the stationary error, which can be white or corre-t
lated, and d is the non-Gaussian error component contain-t
ing outliers of different patch lengths. Two types of synthetic
noise-free signals are used, namely, stair-step and HeaviSine,
to better illustrate the performance of the developed tech-
niques on data with different degrees of smoothness. The in-
dustrial data are measurements of a tray temperature of a
distillation column. The following set of examples compares
the performance of the OLMS and BCTI techniques with
those of the single-scale and the nonlinear techniques, re-
spectively. For the synthetic data, since the underlying signal
is known and, for a fair comparison of the different methods,
the tuning parameters for each method are selected to mini-
mize the mean-square error between the rectified and the
noise-free signals using trial and error. Furthermore, the

Ž .VisuShrink method of Donoho et al. 1995 is used to calcu-
late the threshold in all examples, soft thresholding is used in
all OLMS examples, and hard thresholding is used in all BCTI
examples.

Example 1. Stair-Step Signal with White Noise. The noisy
step-stair signal contaminated with white noise of variance
0.5 and the noise-free signal are shown in Figure 11a. The
filter parameters used to minimize the mean-square errors
are a scale depth of 5 for OLMS using Haar, a mean filter
length of 2, and an EWMA smoothing parameter value of
0.6. OLMS rectification gives the smallest mean-square error
followed by exponential smoothing and mean filtering. The
superior performance of OLMS is confirmed by averaging the
results of rectifying hundred of realizations of the signal. The
mean-square error results of this Monte Carlo simulation are
listed in column 2 of Table 1. For this example, an even
smaller mean-square error of 0.2592 is obtained using OLMS
with Daubechies second-order boundary corrected filter
through a similar Monte Carlo simulation. This advantage of
OLMS using Daubechies over Haar is analogous to the ad-

( )Figure 11. a Stair-step signal with white noise of
( )variance 0.5; b OLMS Haar rectification

( ) ( ) (MSE= 0.2865 ; c mean filtering MSE=
) ( ) (0.3805 ; d exponential smoothing MSE=
)0.3232 .

vantage of EWMA over mean filtering in capturing sharp
changes, as explained in the practical issues section. Since
Haar and Daubechies OLMS are approximately multiscale
generalizations of mean filtering and exponential smoothing,
respectively, more oversmoothing of edges is observed in
OLMS rectification using Haar than OLMS rectification us-
ing Daubechies, which results in a higher mean-square error.

Example 2. Hea®iSine Signal with White Noise. The signal
used in this example is a HeaviSine function with a white
noise of variance 0.5. Daubechies second-order boundary
corrected filter is used in OLMS rectification. The scale depth
in OLMS, the mean filter length, and the exponential
smoothing parameter that minimize the mean-square errors
are 5, 4, and 0.35, respectively. Once again, OLMS results in
the smallest mean-square error for the data in Figure 12 and
for the Monte Carlo simulation summarized in column 3 of
Table 1.

Example 3. Stair-Step Signal with Colored Noise. A similar
comparison is performed for the case of correlated measure-

Ž .ment noise. An autoregressive AR 1 noise model of the form,
' � 4e s 0.5 e q a is used in this analysis. Figure 13 com-t ty1 t

pares the performance of OLMS, mean filtering, and expo-
nential smoothing. For OLMS, the Haar filter is used with
scale depth of 4. The mean filter length and the exponential
smoothing parameter used are 1 and 0.7, respectively. A mean

Table 1. Monte Carlo Simulation Comparing Various
Filtering Techniques

Stair-Step HeaviSine
Stair-Step HeaviSine Correlated Correlated

White Noise White Noise Noise Noise
Using Haar Using BC D2 Using Haar Using BC D2

OLMS 0.2739 0.1177 0.3737 0.3147
Mean Filtering 0.3606 0.1796 0.5130 0.3917
EWMA 0.2970 0.1605 0.4533 0.3365
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( )Figure 12. a HeaviSine signal with white noise of
( )variance 0.5; b OLMS rectification using D2

( ) ( )boundary corrected filter MSE=0.1027 ; c
( ) ( )mean filtering MSE=0.2085 ; d exponen-
( )tial smoothing MSE=0.1788 .

filter of length one implies no filtering. It resulted in the least
mean-square error because longer mean filters oversmooth
the sharp changes in the stair-step signal increasing the
mean-square error. As shown in Figure 13 and column 4 of
Table 1, once again, OLMS outperforms linear filtering.

Example 4. Hea®iSine Signal with Colored Noise. This ex-
ample confirms the trend in the relative performance of
OLMS, mean filtering, and exponential smoothing. The con-

Ž .taminating AR 1 noise model is the same as that used in
Example 3. A Daubechies boundary corrected filter with a
scale depth of 5, a mean filter of length 5, and an exponential
smoothing parameter of 0.28 are used for the smallest mean-
square errors. The results are shown in Figure 14, and the
Monte Carlo simulation results are summarized in column 5

( )Figure 13. a Stair-step signal with correlated noise of
( )variance 0.5; b OLMS rectification using

( ) ( ) (Haar MSE=0.3747 ; c mean filtering MSE
) ( ) (=0.5372 ; d exponential smoothing MSE=

)0.4963 .

( )Figure 14. a HeaviSine signal with correlated noise of
( )variance 0.5; b OLMS rectification using

( )D2 boundary corrected filter MSE=0.3059 ;
( ) ( ) ( )c mean filtering MSE=0.4375 ; d expo-

( )nential smoothing MSE=0.3688 .

of Table 1. The results in these examples demonstrate the
benefits of OLMS rectification over other linear filtering
techniques. The rectified signals using OLMS rectification are
visually more appealing and have smaller mean-square er-
rors.

Example 5. Comparison of TI, BCTI, and FMH Rectification.
When time delay is acceptable, the quality of rectification
can be further improved by BCTI rectification. BCTI results
in smoother rectified signals as in TI rectification, but pro-
vides better estimates of the signal boundaries than TI recti-
fication. This advantage is illustrated through the following
example, in which the BCTI rectification of a stair-step and
HeaviSine signals are compared with those of TI and FMH
rectification, as shown in Figures 15 and 16, respectively. For

( ) ( )Figure 15. a Stair-step signal with white noise; b
( )BCTI rectification using Haar MSE=0.0439 ;

( ) ( ) ( )c FMH filtering MSE=0.0317 ; d TI recti-
( )fication using Haar MSE=0.0644 .
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( ) ( )Figure 16. a HeaviSine signal with white noise; b
BCTI rectification using D2 boundary cor-

( ) ( )rected filter MSE=0.0227 ; c FMH filtering
( ) ( )MSE=0.0383 ; d TI rectification using D2

( )boundary corrected filter MSE=0.0341 .

the stair-step signal contaminated by white noise of variance
0.5, BCTI rectification with a scale depth of 6, a FMH filter
length of 29, and TI Haar rectification with scale depth of 6

Figure 17. Robust Haar OLMS rectification.
Ž . Ž .a dynamic signal with AR 1 noise and outlier patches of

Žlength 2, scale depth s 5, FMH filter length s 7, MSE s
. Ž . Ž .0.347 ; b constant signal with AR 1 noise and outlier

patches of length 2, FMH filter lengths 9, scale depth s 6,
Ž .MSE s 0.031 .

( )Figure 18. a Noisy and noise-free stair-step signal with
( )outlier patches of length 2; b robust BCTI

( )Haar and scale depth of 6 MSE=0.01830 ;
( )c FMH filtering with a filter of length 13
( )MSE=0.01686 .

are used. In this example, FMH filtering gives a smaller
mean-square error since a piece-wise constant signal is ide-

Ž .ally suited for this method Heinonen and Neuvo, 1988 . The
results in Figure 15 indicate that FMH filtering retains more
noise than BCTI rectification but does not round off the edges
as much. The advantage of BCTI rectification over TI rectifi-
cation at the signal boundaries is also clearly demonstrated in
Figures 15b and 15d.

For the HeaviSine example shown in Figure 16, BCTI rec-
tification with a D2 boundary corrected filter and a scale
depth of 6, a FMH filter length of 25, and TI rectification
with D2 boundary corrected filter and scale depth of 5 are
used. In this example, BCTI gives a smaller error than FMH.
BCTI does also better than TI due to the absence of errors at
the signal ends.

Example 6. Robust OLMS Rectification. The performance
of the robust OLMS rectification is illustrated for a dynamic
and steady-state signal. The OLMS rectification in Figure 17a
shows that robust OLMS rectification tends to oversmooth
sharp changes in the data. As discussed in an earlier section,
this smoothing is due to the fact that a significant change is
initially considered to be an outlier until the change persists
for a duration longer than the coarsest scale of the multiscale
median filter. However, steady-state data with non-Gaussian
errors can be rectified without distortion by the robust OLMS
technique as shown in Figure 17b.

Example 7. Robust BCTI Rectification. When off-line rec-
tification is acceptable, the classification of sharp changes be-
comes easier since measurements before and after the change
are usually available. The performance of BCTI rectification
is shown and compared with that of FMH filtering in Figure
18. Robust BCTI rectification with Haar and a scale depth of
6, a median filter of length 13, and a FMH filter of length 31
are used since they minimize the mean-square error. Both
techniques identify and eliminate all outliers. However, FMH
rectification retains more noise than the robust BCTI but
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captures the edges more accurately leading to a smaller
mean-square error.

Example 8. Industrial Data. The performance of OLMS,
BCTI and their robust counterparts are illustrated through
application to set temperature measurements from an indus-

trial distillation column tray. In OLMS rectification, shown in
Figure 19a, the Haar wavelet and an initial window length of
128 are used. Note that this initial window length is not a
restriction. Theoretically, OLMS rectification can start with
any dyadic set of measurements, starting at two. However,

Figure 19. Rectification of industrial data.
Ž . Ž . Ž .This uses a OLMS and Haar using an initial window of 128 points; b BCTI and Haar using initial window of 128 points; c robust

BCTI and Haar, FMH filter lengths 7.
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since the threshold is estimated from the data in the moving
window, the threshold estimate improves as the moving win-
dow length increases. When the noise is assumed to be sta-
tionary, the threshold stops changing after a large set of mea-
surements are collected, and, thus, the moving window length
can be held constant. Also, the decomposition depth used in
this example is two scales deeper than half of the maximum
possible depth. These parameters are chosen such that a good
visual quality of rectification is achieved. Figure 19a shows
that the OLMS rectified signal follows the trend of the mea-
surements while capturing the changes quite well.

In BCTI rectification, shown in Figure 19b, the Haar
wavelet, a decomposition depth of two scales deeper than half
of the maximum possible depth, and an initial window of
length 512 are used. This initial window length is chosen to
achieve simultaneous reduced boundary effects and smooth-
ness by averaging rectified signals at different time shifts. If
all available measurements, in this case 1,024 data points, are
used as the initial window, smoothness will deteriorate as no
averaging is done unless the data are assumed to be a cyclic
list where boundary effects will be observed as in TI rectifica-
tion. The resulting BCTI rectified signal, shown in Figure 19b,
is smoother than the one obtained using OLMS rectification.
However, both OLMS and BCTI rectification seem to be af-
fected by the apparent outliers present in the data. Rectifica-
tion by robust BCTI decreases the sensitivity to the suspected
outliers, as shown in Figure 19c, in which a FMH filter of
length 7 is used. The result also shows that some suspected
features between the 700th and 750th data points are elimi-
nated. In this example, the true nature of these features is
unknown. If they are not outliers, then a smaller decomposi-
tion depth and a shorter median filter are recommended for
this example.

Conclusions
This article extends the benefits of multiscale analysis us-

ing wavelets to on-line rectification of measured data without
fundamental or empirical process models. The method for

Ž .on-line multiscale OLMS rectification is based on rectifying
data in a moving window of dyadic length by wavelet thresh-

Ž .olding Donoho et al., 1995 . The measurements in each win-
dow are decomposed using the selected wavelet, the wavelet
coefficients smaller than a threshold are eliminated, and the
signal is reconstructed. For on-line rectification, only the most
current rectified measurement is retained.

If the rectified signal is not required on-line, the quality of
rectification may be improved by taking the average of the
rectified signals in each moving window. This approach is

Žequivalent to translation invariant rectification Coifman and
.Donoho, 1995 , but without the boundary errors, and is called

Ž .boundary corrected translation invariant BCTI rectification.
Both OLMS and BCTI rectification are extended to rectify
signals corrupted by random and gross errors by combining
wavelet thresholding in each moving window with multiscale

Ž .median filtering Bruce et al., 1994 .
Theoretical analysis shows that OLMS rectification using

Haar wavelets subsumes mean filtering by automatically se-
lecting the best filter at each measurement from a library of
mean filters of dyadic length. OLMS rectification using

smoother wavelets is analogous to a multiscale generalization
of exponential smoothing. Similarly, the robust OLMS rectifi-
cation automatically selects the best mean and median filters
from a dyadic library. The theoretical properties and the il-
lustrative examples demonstrate the superiority of OLMS
rectification over linear filtering, and the advantage of BCTI
over TI at the boundaries and over FMH in terms of smooth-
ness.

This article has focused on multiscale rectification of a sin-
gle variable contaminated by Gaussian stationary noise and
outliers when accurate process models are not available.
Multiscale techniques have been developed for the off-line
removal of other types of errors such as nonstationary and

Ž .heteroscedastic noise Neumann and Von Sachs, 1995 . These
methods may be extended for on-line rectification by incor-
porating them in the methodology developed in this article.
Linear filters are popular for a variety of applications such as

Ž .statistical process control Montgomery, 1996 and adaptive
Ž .modeling Wold, 1994 . The multiscale approach developed

in this article may also be used to improve upon these meth-
Ž .ods Top and Bakshi, 1998 . Most practical data rectification

problems are multivariate in nature, and may have funda-
mental process models available. A multiscale approach for
the rectification of such data is described by Bakshi et al.
Ž .1998 .
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Appendix: Proof of Theorem 1
Ž .The decomposition of the signal x t at L scales can be

written as

n2yL L n2ym

x t s a f t q d c t . A1Ž . Ž . Ž . Ž .Ý Ý ÝLk Lk mk mk
k s1 ms1 k s1

The decomposition vector, containing the coarsest resolution
coefficients and all detail coefficients, can be determined by

Ž .multiplying the signal x t by the decomposition matrix W

when all wavelet coefficients are eliminated, the decomposi-
tion vector becomes

Tw xyLa ? ? a 0 ? ? 0 n=1 . A3Ž . Ž .L, 1 L , n2

Ž .which is equivalent to multiplying x t by the matrix

Lh h ? h 0 ? ? ? ? 01, L 2, L 2 , L

L0 ? ? 0 h ? h 0 ? 01, L 2 , L

X L0 ? ? ? 0 ? 0 h ? h1, L 2 , LW s . A4Ž .
0 ? ? ? ? ? ? ? ? 0
0 ? ? ? ? ? ? ? ? 0
0 ? ? ? ? ? ? ? ? 0
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For the Haar wavelet, the matrix W X is

1 1 1
? 0 ? ? ? ? 0

L L L' ' '2 2 2 1 1
0 ? 0 0 ? 0 ? 0

L L' '2 2 1 1
0 ? ? ? ? ? 0 ?X

L LW s . A5Ž .' '2 2
0 ? ? ? ? ? ? ? ? 0

0 ? ? ? ? ? ? ? ? 0

0 ? ? ? ? ? ? ? ? 0

Therefore, the final rectified signal is

1 1
? 0 ? ? ? ? 0L L2 2 1

Lx q . . . q xŽ .1 2L? ? ? 0 ? ? ? ? 0 2
1 1 x ?1? 0 ? ? ? ? 0L L 12 2 x21 1

Lx q . . . q xŽ .1 2L0 ? 0 ? 0 ? 0 2?L L2 2
? ?XTx t sW W x t s ) s A60 ? 0 ? ? ? 0 ? 0Ž . Ž . Ž .ˆ
? ?1 1 1?0 ? 0 ? 0 ? 0L L Lx q . . . q xŽ .2 2 ny2 q1 nLxny11 1 2

0 ? ? ? ? 0 ? xL L ?n2 2
10 ? ? ? ? 0 ? ? ?

Lx q . . . q xŽ .ny2 q1 nL21 1
0 ? ? ? ? 0 ?L L2 2

Equation A6 can be written in terms of the Haar scaling
function as follows

n2yL

x t s a f . A7Ž . Ž .ˆ Ý Lk Lk½ 5
k s1

However, in OLMS rectification, only the last point of each
rectified translated signal matters. The last point in the recti-
fied signal in Eq. A6 is

1
L

L � 4x n s x q . . . q x s MF 2 A8Ž . Ž . Ž .ˆ ny2 q1 nL2

� L4 Lwhere MF 2 means a mean filter of length 2 .
Since the Haar filter of length 2, only the last wavelet coef-

ficient at each scale can affect the last rectified data point,
which can affect OLMS rectification. This can be shown by
eliminating only the last coefficient from every scale, keeping
all other interior wavelet coefficients, which is equivalent to
using the following matrix for wavelet decomposition

1 1
? ? 0 ? ? ? ? 0

L L' '2 2
? ? ? ? ? ? ? ? ? ?

1 1
0 ? ? ? ? 0 ? ?

L L' '2 21 1
? ? y 0 ? ? ? ? 0

L L' '2 2
? ? ? ? ? ? ? ? ? ? . A9Ž .
0 0 0 0 0 0 0 0 0 0
1 1

? y 0 ? ? ? ? ? 0
Ly1 Ly1' '2 2
? ? ? ? ? ? ? ? ? ?
1 1

y 0 ? ? ? ? ? ? 0' '2 2
0 0 0 0 0 0 0 0 0 0
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Therefore, the rectified translated signal is

1 0 ? ? ? ? 0
x0 1 0 ? ? ? 0 1

? ? ? ? ? ? ? x2
0 ? ? 1 0 ? 0 ?
? ? ? ? ? ? ? ) ?

1 1
?0 ? 0 ? ?L L2 2 xny1

1 1 xn0 ? 0 ? ?L L2 2

n2yL

s a f . A10Ž .Ý Lk Lk½ 5
k s1

1 1
? ? 0 ? ? ? ? 0L L2 2

? ? ? ? 0 ? ? ? ? 0

? ? ? ? 0 ? ? ? ? 0 x1
1 1 x2? ? 0 ? ? ? ? 0L L2 2 ?

1 1 ?
0 ? ? 0 ? 0 ? 0Ly1 Ly1 ?2 2 ) . A13Ž .

?0 ? ? 0 ? ? ? 0 ? 0
?

1 1 ?0 ? ? 0 ? 0 ? 0Ly1 Ly1 x2 2 ny1

1 1 xn0 ? ? ? ? ? 0 ?Ly1 Ly12 2
0 ? ? ? ? ? 0 ? ? ?

1 1
0 ? ? ? ? ? 0 ?Ly1 Ly12 2

Again, the last point in the rectified translated signal is

1
L

L � 4x n s x q . . . q x s MF 2 A11Ž . Ž . Ž .ˆ ny2 q1 nL2

which is a mean filter of length 2 L. This means that all wavelet
coefficients other than the last one in each scale are irrele-
vant to the last point in any translated signal and, thus, the
OLMS rectification using Haar. This is a great simplification
in this theoretical analysis because now we are only con-
cerned about how retaining the last wavelet coefficient at a
particular scale relates to mean filtering.

The decomposition matrix corresponding to the decompo-
sition at L scales and eliminating all wavelet coefficients ex-
cept the last one at scale L is

1 1
? 0 ? ? 0

L L' '2 2
? ? ? ? ? ? ?

1 1
0 ? 0 ? ?

L L' '2 2
. A12Ž .

0 ? ? ? ? ? 0
? ? ? ? ? ? ?

1 1
0 ? 0 ? ? y

L L' '2 2

0 ? ? ? ? ? 0

Therefore, the rectified translated signal is

Equation A13 can be written in terms of the last scale scal-
ing function coefficients and last wavelet coefficient as

n2yL

yL yLx t s a f q d c . A14Ž . Ž .ˆ Ý Lk Lk L, n2 L , n2½ 5
k s1

Therefore, the last rectified data point in the translated sig-
nal is

1
Ly1

Ly 1 � 4x n s x q . . . q x s MF 2 A15Ž . Ž . Ž .ˆ ny2 q1 nLy12

which is equivalent to a mean filter of length 2 Ly1.
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Furthermore, it can easily show the keeping the last wavelet
coefficients at the last two scales L and Ly1 is equivalent to
applying a mean filter of length 2 Ly2, which can be written
as

n2yL

yL yLx t s a f q d cŽ .ˆ Ý Lk Lk L, n2 L , n2½
k s1

q d yŽ Ly1.c yŽ Ly1. . A16Ž .Ly1, n2 Ly1, n2 5
Again, keeping the last point

1
Ly2

Ly 2 � 4x n s x q . . . q x s MF 2 A17Ž . Ž . Ž .ˆ ny2 q1 nLy22

is equivalent to a mean filter of length 2 Ly2.
Extending the relations shown in Eqs. A11, A15, and A17,

by keeping the wavelet coefficients at scales L through 1, the
rectified signal can be represented as

n2yL

yL yLx t s a f q d cŽ .ˆ Ý Lk Lk L, n2 L , n2½
k s1

q d yŽ Ly1.c yŽ Ly1.q . . . q d y1 c y1 A18Ž .Ly1, n2 Ly1, n2 1, n2 1, n2 5
and the last rectified data point

� 0 4x n s x n s MF 2 s1Ž . Ž .ˆ

which is equivalent to a mean filter of length 1.
Therefore, OLMS rectification using Haar is equivalent to

an adaptive mean filter of dyadic lengths, ranging from 2 L to
1. It is called adaptive, because the equivalent mean filter
length is dependent on the wavelet coefficients kept, which
depend on the signal’s features. Furthermore, if some Haar
wavelet coefficients at intermediate scales are included, other
types of FIR filters are created to adapt the localized changes
in the underlying signal.
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